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Abstract. In this paper, we study deformations of coisotropic submanifolds 
in a locally conformal symplectic manifold. Firstly, we derive the equation 
that governs C°° deformations of coisotropic submanifolds and define the cor- 
responding C°° -moduli space of coisotropic submanifolds modulo the Hamil- 
tonian isotopies. Secondly, we prove that the formal deformation problem is 
governed by an Loo-structure which is a b-deformation of strong homotopy Lie 
algebroids introduced in lOPI in the symplectic context. Then we study de- 
formations of locally conformal symplectic structures and their moduli space, 
and the corresponding bulk deformations of coisotropic submanifolds. Finally 
we revisit Zambons obstructed infinitesimal deformation IZal in this enlarged 
context and prove that it is still obstructed. 
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1. Introduction 

Symplectic manifolds {M, u) have been of much interest in global study of Hamil- 
tonian dynamics, and symplectic topology via analysis of pseudoholomorphic curves. 
In this regard closedness of the two-form w plays an important role in relation to 
the dynamics of Hamiltonian diffeomorphisms and the global analysis of pseudo- 
holomorphic curves. On the other hand when one takes the coordinate chart defini- 
tion of symplectic manifolds and implements the covariance property of Hamilton's 
equation, there is no compulsory reason why one should require the two-form to be 
closed. Indeed in the point of view of canonical formalism in Hamiltonian mechan- 
ics and construction of the corresponding bulk physical space, it is more natural to 
require the locally defined canonical symplectic forms 

n 

^a^Yl dq" A dpf 

1=1 

to satisfy the cocycle condition 

i^Q = A^qUJ/j, XjBa = const. (1.1) 

with A^^A^Q, = X~fa as the gluing condition. (See introduction |V2j for a nice ex- 
planation on this point of view) The corresponding bulk constructed in this way 
naturally becomes locally conformal symplectic manifolds (abbreviated as l.c.s man- 
ifolds) whose definition we first recall. For the consistency of the definition, we will 
mostly assume dim M > 2 in this paper. 

Definition 1.1. An l.c.s. manifold is a triple {X,u!, b) where b is a closed one-form 
and oj is a nondegenerate 2-form satisfying the relation 

duj + bAuj = 0. (1.2) 

We refer to |V2j , jHRj , }Bal| , |Ba2| for more detailed discussion of general prop- 
erties of l.c.s. manifolds and non-trivial examples. 

Locally by choosing b — dg for a local function g : U — >■ R on an open neighbor- 
hood U, (|1.2|) is equivalent to 

d{e~s^)=0 (1.3) 

and so the local geometry of l.c.s manifold is exactly the same as that of symplectic 
manifolds. In particular one can define the notion of Lagrangian submanifolds, 
isotropic submanifolds, and coisotropic submanifolds in the same way as in the 
symplectic case since the definitions require only nondegeneracy of the two-form uj. 

The main question of our interest in this paper is whether the global geometry 
of coisotropic submanifolds is any different from that of symplectic case. 



DEFORMATIONS OF COISOTROPIC SUBMANIFOLDS 



3 



We recall that by the results from |Zaj , |0P| , deformation theory of coisotropic 
submanifolds in symplectic manifolds is generally obstructed. In particular, the 
set of coisotropic submanifolds with a given rank does not form a smooth Frechet 
manifold jZa| . and the relevant (formal) deformation theory thereof is described 
by an Loo-structure called strong homotopy Lie algebroids |0P| . In the present 
paper, we show that Oh-Park's deformation theory naturally extends to that of 
l.c.s. manifolds, once appropriate normal form theorem of canonical neighborhoods 
of coisotropic submanifolds (Theorem l4.2p and the theory of bulk-deformed strong 
homotopy Lie algebroids (sections IHl llip are developed. For this purpose, we need 
to prove the l.c.s analog of Darboux-type theorem |Wej and develop the l.c.s. ana- 
log to Moser's trick, for which usage of Novikov-type cohomology instead of the 
ordinary de-Rham cohomology is essential. (See }HRj for relevant exposition of 
this cohomology theory.) We derive two equivalent equations that govern C°°- 
deformations of coisotropic submanifolds (Theorems 16. 2[ 18. ip and develop a theory 
of bulk deformations of l.c.s. forms and of coisotropic submanifolds in this larger 
context of l.c.s. manifolds. 

Some more motivations of the present study are in order. First of all, we would 
like to see if the obstructed example of Zambon |Zaj in the symplectic context is still 
obstructed in this enlarged deformations of coisotropic submanifolds together with 
bulk deformations of l.c.s. structures with replacement of closedness of uj by the 
Novikov-closedness of b-twisted differential. We then prove that Zambon's exam- 
ple still remains obstructed even under this enlarged setting of bulk deformations 
(Theorem [Ell). 

Another source of motivation comes from the study of J-holomorphic curves in 
this enlarged bulk of l.c.s. manifolds. Again all the local theory of J-holomorphic 
curves go through without change. The only difference lies in the global geometry 
of J-holomorphic curves and it is not completely clear at this moment whether 
Novikov-closedness of l.c.s. structure {X,lu, b) would give reasonably meaningful 
implication to the study of moduli problem of J-holomorphic curves in the context 
of closed strings or open strings attached to suitably physical D-branes. We refer 
to |KaOrj for some physical motivation of coisotropic D-branes and to |CF| for a 
generalization of study of deformations of coisotropic submanifolds in the Poisson 
context. 

We would like to thank Yoshihiro Ohnita for inviting us to the Pacific Rim 
Geometry Conference in 2011 where the first named author gave a talk on l.c.s. 
manifolds, which triggered our collaboration. 



Suppose Y C (A", ajx,b) is a coisotropic submanifold. Then the restriction 
{Y,uj,b) satisfies the same equation 



except that w is no longer nondegenerate but has constant rank. 

This gives rise to the notion of locally conformal pre- symplectic manifolds, ab- 
breviated as l.c.p-s. manifold. 

Definition 2.1. A triple {Y,u!,b) is called an l.c.p-s. manifold if 6 is a closed 
one-form and w is a two-form with constant rank that satisfy 



2. Locally conformal pre-symplectic manifolds 



d'^uj := duj + b Auj = 



(2.1) 



d''LU := dio + b Alo ^ 0. 



(2.2) 
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Remark 2.2. If the rank of lo is at least 4, then the wedge product with u> defines 
a Uncar injeetive map from ft^iY) to fl^(Y). Hence b is defined uniquely by the 
equation (|2.2p . If the rank of w is 2, then the restriction of b to the null space TV^ of 
Lo is defined by (|2.2p . The kernel of the wedge product il^{Y) —5- fl^{Y), 7 H> w A7, 
is the two-dimensional annihilator TJ^° of TF". In particular, if rank w is 2 and 
(YjO;, b) is an l.c.p-s. manifold, then {Y,uj, 6 + 5') is also an l.c.p-s. manifold for any 
6' e TT° such that db' = 0. 

From now on, we consider a general l.c.p-s. manifold [Y^lj, b). 

We next introduce morphisms between l.c.p-s. manifolds and automorphisms 
of (y,a;,6) generalizing those of l.c.s. manifolds (see |HR) for the corresponding 
definitions for the l.c.s. case.) 

Definition 2.3. Let {Y,uj,b) and {Y',uj',b') be two l.c.p-s. manifolds. A diffeo- 
morphism (p : Y ^ Y' is called l.c.p-s. if there exists a £ C°°{Y,M. \ {0}) such 
that 

(j)*uj' = {l/a)LJ, 4>*b' ^b + d{\n\a\). 

By setting a = e*", it is easy to check that the following is the infinitesimal 
version of Definition 12.31 

Definition 2.4. Let (Y, oj, b) be a l.c.p-s. manifold. A vector field ^ on F is called 
l.c.p-s. if there exists a function u G C°°{Y) such that 

C^uj = —uuj, C(b ~ du 

We denote by Dif f{Y,uj,b) the set of l.c.p-s. diffeomorphisms. 

Definition 2.5. We call any such function u G C°°(y) that appears in Definition 
12.41 is called an l.c.p-s. function. We denote by C°°{Y;uj,b) the set of l.c.p-s. 
functions. 

It is easy to see that C°°(F;a;, b) is a vector subspace of C°°{X). 
We say an l.c.p-s. diffeomorphism (resp. vector field) an l.c.s. diffeomorphism 
(resp. vector field), if {Y,oj,b) is an l.c.s. manifold. 

3. Canonical neighborhoods of coisotropic submanifolds 

In this section, we develop the l.c.s. analog to Gotay's coisotropic neighborhood 
theorem [Go] in the symplectic case. 
As in the symplectic case, we denote 

E = (rr)" 

the characteristic distribution on Y . The following lemma is one of the important 
ingredients that enables us to develop deformation theory of coisotropic submani- 
folds in l.c.s. manifolds in a way similar to the symplectic case as done in |OPj . 

Lemma 3.1. The distribution E on Y is integrable. 

Proof. This is an immediate consequence (|2.2[) which shows that the ideal generated 
by w is a differential ideal. □ 

We call the corresponding foliation the null foliation on Y and denote it by J-. 
We now consider the dual bundle tt : E* ^ Y oi E. The bundle TE*\y where 
Y C E* \s, the zero section of E* carries the canonical decomposition 

TE*\y = TY ®E*. 
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In the standard notation in the foliation theory, E and E* arc denoted by TJ- and 
T*J^ and called the tangent bundle (respectively cotangent bundle) of the foliation 
T. 

Remark 3.1. When y is a coisotropic submanifold of an l.c.s. manifold {X, ujx, &) 
and {Y,uj,b) is the associated l.c.p-s. structure, then it is easy to check that the 
canonical isomorphism 

Ujo-.TX ^ T*X 

maps E = TF" to the conormal N*Y C T*X and so its adjoint {ujq)^ : TX -s- T*X 
induces an isomorphism between NY = TX/TY and E* where E ~ (TF)". 

We choose a splitting 

TY = G(SE, E = {TYY, (3.1) 

and denote by 

PG-.TY^E 

the projection to E along G in the splitting (|3.ip . Using this splitting, we can write 
a conformal symplectic form on a neighborhood of the zero section Y '-^ E* m the 
following way similarly as in the symplectic case. We have the bundle map 

TE* ^TY ^ E. (3.2) 
Let a G £■* and ^ G T^E* . We define the one-form Oq on E* by its value 

0G,s(O :-S(pGor^(0) (3.3) 

at each a G E* . Then the two form 

u}G:^n*uj-deG-n*bAeG (3.4) 

is non-degenerate in a neighborhood U C E* oi the zero section (See the coordi- 
nate expression (|7.6[) of d^c and wq). Later, we use wg a-nd uju interchangeably 
depending on context. 

Then a straightforward computation proves 

Proposition 3.2. Then the pair {U,uju,bu) with bu := TT*b\u defines an l.c.s. 
structure. 

Remark 3.2. If Y is Lagrangian, then E = TF, E*y = T*Y, and hence pc = Id. 
For this special case. Proposition is known as Example 3.1 in jHRj . where 9g is the 
Liouville 1-form on T*Y. 

In the next section, we will prove that this provides a general normal form of the 
l.c.s. neighborhood of the triple {Y,uj,b) which depends only on {Y,Lj,b) and the 
splitting (j3.ip . and that this normal form is unique up to diffeomorphism. We call 
the pair (U^lou^ bu) a (canonical) l.c.s. thickening of the l.c.p-s. manifold (F, w, b). 

4. Normal form theorem of coisotropic submanifolds in l.c.s. 

manifold 

Let F be a compact coisotropic submanifold in a l.c.s. manifold {X,ujx,b). 
Denote by (F, a;,6) the induced l.c.p-s. structure given by 

cj = i*ujx, b = i*h, 
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where i : Y X is the canonical embedding. We denote by (Ti)* the associated 
bundle map T*X T*Y. Consider the bundle n : E* ^ Y where E = (TF)" = 
TJ- as in the previous section. 

By Remark |3.1[ the adjoint isomorphism 

(wj) : TX T*X 

induces an isomorphism 

wx ■■ NY ^TX/TY ^ E*. (4.1) 

More precisely, we have the following lemma 

Lemma 4.1. The nondegenerate two-form lux induces a canonical bundle isomor- 
phism iOx ■■ TX\y/TY E* given by g^). 

Proof. We define the bundle map 

wxy : TX\y -> T*r, v ^ (Ti)* {v\iox). 

Denote by j* : T*Y E* the adjoint of j : E ^ TY . Then £ = kerw implies 
that 

TY C ker(j* o uixy)- 

Hence j* oujxy descends to a bundle map ux ■ NY = TX\y/TY E* by setting 

[v] e NY ^ j* o[[jxYiv). (4.2) 

The nondegeneracy of lox implies that ux induces a canonical bundle isomorphism. 

□ 

Using this isomorphism, we identify the pair {NY,Y) with {E*,oe*)- 
Now let 5 be a Riemannian metric on X. Then g gives rise to a splitting 

TX\y = TY®NY. 
We also have a canonical isomorphism 

TE*\y = TY (BE*. (4.3) 
Combining (|4.3p with Lemma |4?11 we get 

TE*\o^, ^To*E®E* ^TY (BNY = TX\y. 

Through this identification, we regard a neighborhood Ui C X of y as a neighbor- 
hood of the zero section o^;. = Y C E* . 

For any open set U C X we denote the restriction of ujx (resp. b) to U also by 
LJx (resp. by b). In this section, we prove the following normal form theorem. 

Theorem 4.2 (Normal form). Assume that Y is compact. There exist an open 
neighborhood U <Z X of Y , a neighborhood V d E* of the zero section Y , and a 
l.c.s. diffeomorphism 

0: ([/,c^x,b) ^ (F,(wg)|v,^*6) 

such that (j)\Y = Id and d(f>\^Y — under the identification (|4.3p . More specifi- 
cally, (j) satisfies 

(j)*{Tr*uj - dOc - 7r*6 A Oq) = e~^ujx 

for some f G C°°{U). 
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Proof. Assume that C/i be a neighborhood of Y in X which can be identified with 
a neighborhood Wi of Y in NY via the exponential map Expy ■ NY —^Ui. Set 

LOi Exp*y{lux), bi := Exp*Y{b). (4.4) 

Then {Wi,uji, bi) is a Lc.s. manifold. Since the restriction of dExpy to Y is equal 
to identity, Y is also a coisotropic submanifold in {Wi,uji, bi). Let ix '■ Y ^ X he 
the inclusion. Set 

2i {u],'nLU,)en^{V), bi:=(2-i)*(bi)el]i(F). (4.5) 

Denote by i^;. : Y ^ E* the inclusion as the zero section and by H^{Y) the 
cohomology group kerd^/imc?^. 

Lemma 4.3. T/ie embedding ie* :Y-^ E* induces an isomorphism between H^{Y) 
and H*,jj{E*). In particular, there exists a one-form rj € fl^{E*) such that wi — 

^*(wi|y) = d"*^(7,). 

Proof. Denote by S the following locally constant sheaf on Y 

U ^ S{U) := {/ £ C°°(C/,R)| d^l^/ = 0}. 

It is known that Hb{Y) ^ H{Y,S), see e.g. |HR1 Remark 1.10]. The first assertion 
of Lemma 14.31 follows from the homotopy invariant property of cohomology with 
values in locally constant sheaf. The second assertion of Lemma [4.3l is a consequence 
of the first assertion. □ 

Since H^{E*,R) = H\Y,R) there exists a function / e C°"{E^) such that -q = 
iT*{i*vi) +df. Then e^uj is an l.c.s. form on E* with the Lee form bi — d/ = 7r*(b|y) 

u 

Now we apply Moser's deformation to the normal form. Set 

ujQ := logIv- 

By (133) and (|0)) we have 

wo(y) = wi(y) for all y eY. (4.6) 
Since H*,i^{V) = H~ {V), there exists a one form cr on ^ such that 

wi — = d'^ ^a. 

Set 

:= So + td'^'^'cr = 7r*(wi|y) - d'"'\eG - ta) 

By making V smaller if necessary, taking into account (|4.6p and the compactness 
of Y, we assume that Wt are nondegenerate for all t G [0, 1]. To prove Theorem 14. 2 [ 
it suffices to solve the equation 

= eM-^uo (4.7) 

for a family of diffeomorphism Tpt of V and a function ft with fi = f. Let be 
the generating vector field of ^pt i-e. 

4'0t = ^((V't). -00 = Id. 
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Differentiating (|4.7|) . we obtain 



which is equivalent to 
But by definition of ujt and Cartan's formula, this becomes 

Qf 

<F 'a + S,t\dLot + d{it\^t)^9u 9t{x) = -J-{4,-\x)). 
which in turn becomes 

In other words, we obtain 

(5t-7r*6(6))iit = d"''(a + 6Jwt). 
Using non-degeneracy of , we first solve 

a + CtJ^t =0 

for on V and then define gt by 

gt = 7r*6(Ct) 

for all {t,x) 6 [0, 1] x again shrinking V , if necessary. We denote by '4>t the fiow 
of which then determines ft by ft = gt ° ipf 

This proves Theorem □ 

5. Geometry of the null foliation of l.c.p-s. manifold 

Let {Y,uj,b) be an l.c.p-s. manifold of dimension n + k and denote by T the 
associated null foliation. Set 2n := dimX, n — k := dimJ^, I := 2k. We now 
formulate a uniqueness statement in the symplectic thickening of {Y, oj) (Proposition 
15. ip . extending an analogous result in jOPj . We also prove the existence of a 
transverse l.c.s. form (Proposition 15 . 2p . which is important for later sections. 

Recalling that the l.c.s. form lug of (|3.4p depends on the choice of the splitting 
n, in this section wc redcnote by uju the l.c.s. form ujg associated to the splitting 

n. 

Proposition 5.1. (cf. |0P1 Proposition 5.1]) For given two splittings H, 11', there 
exist neighborhoods U, U' of the zero section Y C E* and a diffeomorphism (j) : 
U U' and a function / : ?7 — > R such that 

(1) 4>*i^u' = e^ixjn, 

(2) (j)\Y = id, and T(j)\TYE' = id where TyE* is the restriction ofTE* to Y. 
Proof. Since Ae{TY) is contractible, we can choose a smooth family 

{nt}o<t<i, no = n, ni = n'. 

Denoting uit wxij, applying the isomorphism H^^iY) ^ H^,i^{E*), we have 

ujt ~ujQ = ''at. 

From the definition, wc have 

CtWyrE' = 0. 
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for all < t < 1. With these, we imitate the proof of Theorem 14.21 to finish off the 
proof. □ 

For the study of the deformation problem of l.c.p-s. structures it is crucial to 
understand the transverse geometry of the null foliation. First we note that the 
l.c.p-s. form w carries a natural transverse l.c.p-s. form. This defines the l.c.s. 
analog to the transverse symplectic form to the null foliation of prc-symplectic 
manifold. (See |Go| . |0P| . for example). 



Proposition 5.2. (cf. |0P| Proposition 5.2]) Let T he the null foliation of the 
l.c.p-s. manifold {Y,Lo,b). Then it defines a transverse l.c.s. form on J- in the 
following sense: 

(1) kei^uJx) = TxJ-^ for any x d Y , and 

(2) C^LU = —b{^)uj for any vector field ^ on Y tangent to T. 

Proof. The first statement is trivial by definition of the null foliation and the second 
is an immediate consequence of the Cartan identity 

C^uj = d{^\Lu) + £_\duj. 

The first term vanishes since X is tangent to the null foliation On the other 
hand, the second term becomes 

^\dLj = -^\{bAuj) = -b{OuJ + bA{^\uj) = -b{OuJ 

which finishes the proof. □ 

One immediate consequence of the presence of the transverse l.c.p-s. form above 
is that any transverse section T of the foliation carries a natural l.c.s. form: in 
any foliation coordinates, it follows from E = kerw = span{ g^}i<Q,<„_fc that we 
have 

t:*uj=- ^ ujijdy'Ady^ (5.1) 

2k>i>j>l 

where = uj{-^, is skew-symmetric and invertible. 
The condition (2) above implies 

^ij:l3 = b/sujij (5.2) 

where b = J^j bjdy^ bpdq^ in the foliation coordinates (y^, ■ • • , y"^^ , q^, - ■ ■ q"'~^). 
Note that this expression is independent of the choice of splitting as long as , ■ • • , y'^^ 
are those coordinates that characterize the leaves of E by 

y^ = c^, ■ • ■ ,y^ = c^, c"s constant. (5.3) 

By the closedncss of the one-form 6, (|5.2p gives rise to the following proposition. 

Proposition 5.3. Let L be a leaf of the null foliation J- on (Y^lo), A a path in L, 
and let T and S be transverse sections of J- with A(0) G T and A(l) G S. Then the 
holonomy map 

hof^^{\):{T,m)^{S,\{l)) 

defines the germ of a l.c.s. diffeomorphism. In particular, each transversal T to 
the null foliation carries a natural holonomy-invariant l.c.s. structure. 



10 



HONG VAN LE AND YONG-GEUN OH 



6. Master equation and equivalence relations; classical part 

Let us recall the proof of the fact the a graph of a 1-form s G 0^(L) is Lagrangian 
with respect to the canonical symplectic form on TL if and only if ds ~ 0. This 
fact is a direct consequence of the following formula 

which is obtained by 

{s*{9),dq) = (6*, s,((5g)) = s{T:^s^Sq) = s{Sq) 

where Sq stands for the infinitesimal variation of q. Similarly we will derive the 
second equation for the graph Tg of a section s : Y E* ~ NY to be coisotropic 
with respect to log (Theorem I6.2p . We also call the corresponding equation the 
classical part of the master equation (cf. Theorem 18. We will study the full (lo- 
cal) moduli (with respect to different equivalence relations) problem of coisotropic 
submanifolds by analyzing the condition that the graph of a section s : Y U in 
the symplectic thickening U is to be coisotropic with respect to (Lemmas 16. 6[ 
I6J1) . 

6.1. Description of coisotropic Granssmannian. In this section, we recall 
some basic algebraic facts on the coisotropic subspace C (with real dimensions 
n + k where < k < n) in C" from |0P| . We denote by C" the w-orthogonal 
complement of C in R^" and by the set of coisotropic subspaces of (R^" , a;). In 
other words, 

F,. - Ffc(M2",c.) =: {C e Gr„+fc(M2") | C C}. (6.1) 
From the definition, we have the canonical flag, 

c C"' C C c M^" 

for any coisotropic subspace. We call (C, C"^) a coisotropic pair. Combining this 
with the standard complex structure on M^" = C", we have the splitting 

C^Hc^C^ (6.2) 

where He is the complex subspace of C. 

Next we give a parametrization of all the coisotropic subspaces near given C G 
Ffe. Up to the unitary change of coordinates we may assume that C is the canonical 
model 

C = C'' ©M"-^ 

We denote the (Euclidean) orthogonal complement of C by = iK"^'"' which is 
canonically isomorphic to (C")* via the isomorphism w : C" — !> (C")*. Then any 
nearby subspace of dimension dim C that is transverse to can be written as the 
graph of the linear map 

i.e., has the form 

Ca ■■= {{x, Ax)eC®C^= I X g C}. (6.3) 
Denote A = Ah ® Aj where 

Ah : H ^C'' ^C^ = (C")*, 
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Note that the symplectic form lo induce the canonical isomorphism 
With this identification, the symplectic form uj has the form 

n — k 

w = 7r*a;o,fc + ^dx^^ dy\ (6.4) 

i=l 

where wo.fc is the standard symplectic form in C''", tt : C" C*^ the projection, 
and (xi, ■ • • ,Xn-k) the standard coordinates of W^~^ and (y^, • • • its dual 

coordinates of (R"~'^)*. We also denote by tth ■ (C''')* —5- C'^ the inverse of the 
above mentioned canonical isomorphism cD^. 

The following statements are fundamental in our work. 

Proposition 6.1. Let Ca be as in (|6.3p . 

(1) The subspace Ca is coisotropic if and only if Ah and Aj satisfies 

Ai ^ {Ai)* + AHTTHiAH)* ^ 0. (6.5) 

(2) The subspace Ca is coisotropic, if and only if uj'^'^^\ca ~ 0. 

Proof. The first assertion of Proposition [Oi ls Proposition 2.2 in jOPj . The second 
assertion of Proposition 16. II follows from the observation that Ca is coisotropic, if 
and only the restriction wjc^ is maximally degenerate, i.e. rank(a;|c^ ) = rank n*u)o.k 
= k. ' □ 

6.2. The equation for coisotropic sections. Note that the projection pq : 
TY — > E induces a bundle map p^ : E* T*Y hy 

(Pg(5),'^9) {s,PGiSq)) 

for any s G E* and Sq G T^(^s-)Y. 

As before, assume that m = dimK = dim_B* — (n — k) = n + k. 

Theorem 6.2. The graph of a section s :Y ^ (U C E* ,ujG,'K*b) is coisotropic 
if and only if the 2-form !jJg{s) := w|y— d^(j3Q(s)) G ri^(y) is maximally degenerate, 
I.e. (a;G(s))''+i = 0. 



Proof. By Proposition 16. H Fg is coisotropic if and only if the restriction of ojg to 

fc+ 



Ts is maximally degenerate, or equivalently (cL'G)fr'"'^ = 0- Since log o = s*{log) 



we get 

(l.g)"+V= - ^ is*iiOG)\Yf+' = 0. (6.6) 

By ([O]) we have 

s*{u;g)\y - s*in*{u;\Y) - = uj\y - 5*(d^*%) = uj\y - d\s*9G). (6.7) 

Using (|3.3p we obtain for any y £ Y and any dq G TyY 

{s*{9G),Sq)y = {9G,s^{dq)) = s{pGOTT^ o sjq) = s{pG{Sq)). (6.8) 
It follows from ^1} and dH]) 

s*{u;G)\Y = HY)~d\p*Gis)). (6.9) 
Theorem 16.21 follows immediately from (|6.9p . □ 
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6.3. (Pre-)Hamiltonian equivalence and infinitesimal equivalence. In this 
section, we clarify the relation between the intrinsic prc-Hamiltonian equivalence 
(resp. intrinsic l.c.p-s. equivalence) between the l.c.p-s. structures (w, b) and 
the extrinsic Hamiltonian equivalence (resp. extrinsic l.c.s. equivalence) between 
coisotropic enibeddings in ([/, cjg, 7r*6). The intrinsic pre-Hamiltonian equivalence 
is provided by the pre-Hamiltonian diffeoniorphisms (Definition 16. I|) on the l.c.p- 
s. manifold {Y,uj,b) and the extrinsic ones by Hamiltonian deformations of its 
coisotropic embedding into (t/, wc/, 7r*&) (Definition l6.3|) . The intrinsic l.c.p-s. equiv- 
alence is provided by l.c.p-s. diffcomorphisms and the extrinsic ones by l.c.s. de- 
formations of its coisotropic embedding into (C/, wj/, 7r*6). The infinitesimal ((pre- 
)Hamiltonian) equivalence is a natural infinitesimal version of the intrinsic/extrinsic 
( (pre- )Hamiltonian) equivalence. 
First we shall prove 

Lemma 6.3. A vector field ^ on an l.c.p-s. manifold {Y,LO,b) is l.c.p-s. if and only 

d''{£_\uj) = ecu for some c £ M. (6.10) 

Proof. Assume that ^ is l.c.p-s. vectorfield on Y. To prove ()6.10|) we note that a 
l.c.p-s. vector field ^ on a l.c.p-s. manifold {Y,uj,b) satisfies the following equation 
for some smooth function u g C°°{Y) (see Definition 12. 4p 

C^LO = —ULU 

^\duj -\- d{^\uj) ~ —ULU 

-b{0 LU + d''{^\Lo) ^ ~UUJ 

^ (i''(ejw) = (-ti + fe(e))w. (6.11) 

By Definition (|2.4|) C^b ~ du, or equivalently 

d(6(0 -u)=0. 

Comparing this with (|6.1ip we obtain (|6.10p immediately. 
Now assume that a vector field ^ on F satisfies (|6.10p . Set 

u := b{0 - c. 
Then (|6.1ip holds. The above computations yield 

Cf^LO — —UUJ. 

Since C^b = d{b{^)) = du, we conclude that ^ is l.c.p-s. This completes the proof 
of Lemma 16.31 □ 



We define a 6-deformed Lie derivative as follows 

4(0) :=(i''oi^+icod''. (6.12) 

The following statements are direct consequences of Lemma 16.31 hence we omit 
their proof. 

Corollary 6.4. Let (y,cj,6) be an l.c.p-s. manifold. 

(1) Assume that [lj] E H'^(Y,1S,). Then any l.c.p-s. vector field ^ on 
(Y,ui,b) satisfies d^ — (the constant c in i6.10\) is zero), equivalently, 
£|(w) =0. 

(2) Assume that uj = d^O for some 9 G VL^(Y). Then ^\uj = c9 -\- a for some 
a 6 kerd'' n Vl^{Y). In this case C^^lo — cuj. 
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Lemma 16.31 motivates the following definition 

Definition 6.1. A vector field ^ on an l.e.p-s. manifold {Y,Lu,b) is called pre- 
Hamiltonian, if ^Jw = (fif for some / £ C°°{Y). A diffeomorphism is called 
pre-Hamiltonian, if it is generated by a time-dependent pre-Hamiltonian vector 
field. 

Remark 6.2. (f) If F is an I.e. s. manifold, our definition of a pre-Hamiltonian 
vector field coincides with the definition of a Hamiltonian vector field given 
by Vaisman |V21 (2.3)]. For 6 = 0, our definition of a pre-Hamiltonian 
vector field agrees with the definition in |0P| Definition 3.3]. 
(2) Clearly, any vector field ^ on y tangent to F is pre-Hamiltonian with the 
Hamiltonian f — 0. Using Lemma l6.3l we obtain again the second assertion 
of Proposition 15. 2[ noting that the corresponding constant c is zero. 

The following Theorem is an extension of Theorem 8.1 in |0P] . 

Theorem 6.5. Any l.c.p-s. (resp. pre-Hamiltonian) vector field ^ on an l.c.p-s. 
manifold {Y,LO,b) can be extended to an l.c.s. (resp. Hamiltonian) vector field on 

Proof. Let ^ be a l.c.p-s. (resp. pre-Hamiltonian) vector field on (Y,aj,6). We 
decompose 

e = + 

where G and S^e is tangent to F. By Remark 16.21 (2). is pre-Hamiltonian, 
hence it suffices to show that 

(1) extends to a Hamiltonian vector field on ([/, wg, 7r*6); 

(2) extends to a l.c.s. (resp. Hamiltonian) vector field on ([/, ojg, 7r*6). 

To prove (1), we define a Hamiltonian function / on ([/ C E* ,ujG,'^*b) as follows 

/(a) := {a,^E)- 
It is straightforward to check that 

f\Y=0 = /, and {d'niY = {df)\Y. (6.13) 

Denote by {d^ ^ f)^UG the associated Hamiltonian vector field on U. Using (|6.13p . 
(|7.5p and the coordinate expression of wg in (|7.8|) . we obtain easily that 

eij(y) = (rf"*'7)#-o(y) 

for all y S F. This proves (1). 

Now we shall show (2). Since wg|j^ = 0, we have 

{iG\iOG){y) = {iG\io){y) (6.14) 

for aU y G r. Suppose M = £ Hl{Y) = H^,^{U). Then ujg = d'''''0u for some 
1-form djj on Y. Since 

{d^'''eu)\Y^d''{eu)\Y, 

the one-form 

9:^{eu)\Y (6.15) 
satisfies the condition in Corollary [HH] (2). Using Corollarv l6.4l (2). formulas (|6.14p . 
(16.151) and the non-degeneracy of tuij, we observe that the extendability of is 
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equivalent to the cxtendability of the one-form a associated to as in Corollary 
16.41 (2) to a one-form ajj on I] satisfying the following condition: 

d'^'Vt/ = and (ac/)|y = a. (6.16) 
Set aij := 'k*(ol). Then oljj satisfies (|6.16p . This proves Theorem 16.51 for the case 

H = 0Gi/2(y). 

Now assume that M 7^ e HHJ) = H^^^iU). By Corollary (Hi;!) d''{^\uj) = 0, 
or equivalently, ^gJw = 7, where d^^ = 0. Since uju is non-degenerate, using (|6.14p . 
we note that the required extendability of is equivalent to the extendability 7 
to a one-form ju on U such that ''jjj = 0. Clearly 7j/ := 7r*(7) satisfies the 
required condition. This proves (2) and completes the proof of Theorem 16.51 □ 

Now we study the geometry of the master equation for coisotropic sections s S 
E* . By Proposition 16. 11 the coisotropic condition for s is given by 

(w - d''{p*Gs))''+^ = e n^''+^{Y). (6.17) 

Abbreviate p^s as sg and p*q{E*) as G° . Note that G° C T*Y is the annihilator 
of G. We rewrite the master equation (|6.17p in the following form 

SG e G°, 

(cj - d^SG)''+^ - 0. (6.18) 

Since Pq\e' ■ E* G° is a bundle isomorphism, Y is also a coisotropic sub- 
manifold in {pq{U) C G°, (pq|^!)*(wg)). Abusing the notation, we abbreviate 
{p*q\'^\)* {log) as (jJg and p*q{U) as U. Clearly, the linearized equation of (|6.18p at 
the zero section is 

Lo^^d^a^{). (6.19) 

Since w'^jc 7^ and w'^^^ = 0, the linearized equation of (|6.17p is equivalent to the 
following equation 

d]ra = (6.20) 
for a section a E E* . Here b denote the restriction of b to J^. 

Definition 6.3. Two sections .so,si : Y U C G° are called Hamiltonian equiv- 
alent (resp. l.c.s. equivalent), if there exists a family of Hamiltonian diffeomor- 
phisms (resp. l.c.s. diffeomorphisms) -04 of {U,ujg) and a family of difFeomorphisms 
gt G Diff{Y), t e [0, 1], such that go = Id\Y, ipo = Id\ij and si ^ tpi o sq o gi. 

Two sections : Y U are called infinitesimally Hamiltonian equivalent 

(resp. infinitesimally l.c.s. equivalent) , if ^0 ~ Ci is the vertical (fiber) component 
of a Hamiltonian (resp. l.c.s.) vector field on ([/, cjg). 

Clearly, if sq and si are (Hamiltonian) equivalent sections, and sq is a coisotropic 
section, then si is also a coisotropic section. 

Lemma 6.6. Two solutions of the linearized equation \6.20\) are infinitesimally 
Hamiltonian equivalent if and only if they are cohomologous as elements in ^\{Y,uj). 
Consequently, the set of equivalence classes of the infinitesimally Hamiltonian equiv- 
alent solutions of the linearized equations is H^(Y,uj). 

Proof. It suffices to prove Lemma 16.61 for the case where one of the two solutions is 
the zero section. For / G C°°{U) denote by (d'^ ^f)#ujG the associated Hamiltonian 
vector field on U. We identify Y with the zero section of G° D [/ and for y e F 
we denote by T^'^^'G" the vertical (fiber) component of TyG° = TyY © G°. For any 
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V G TyG° denote by V'"'^^ the vertical component of V. Now assume that a section 
£^ : Y ^ U C G° is infinitesimally Hamiltonian equivalent to the zero section, i.e. 
there exists / € C°°{U) such that ^ = {d" Abusing notation we denote by 

TT the projection G° Y. Using (|7.5p and (|7.8p . we obtain for all y qY 

{d'^'^mZaiy) = K'VU-(^))/rAdp,(2/) = 4/(2/), (6.21) 
where (d'^ ''/l7r-i(j='))/; Adps (?/) denotes the vertical (fiber) component of the vector 
in Ty{TT-^{T)) = E{y) © E*{y) that is dual to the one- form d^'^ fU-i{jr){y) with 
respect to the non-degenerate two-form A dpp{y) G A^T'*(7r^^(J^)). Hence 

[?] = OGffi(r,w). 

Now assume that ^ = (fijrf where / G 0'^(C/). By (|6.2ip ^ is infinitesimally 
Hamiltonian equivalent to the zero section. This proves the first assertion of Lemma 
16.61 The second assertion is an immediate consequence of the first one and (j6.20p . 
This completes the proof of Lemma l6.6l □ 

Next, let us consider the case where ^ is infinitesimally l.c.s. equivalent to the 
zero section, i.e. there is a l.c.s. vector field on U such that ^(y) is the vertical 
(fiber) component of ^{y) for all y GY. 

(1) The case with [ujg] 7^ G H^,t,{U,R) = H^iY^R): Corollary El (1) implies 
that (i''(^JcjG) = 0. The same argument as in the proof of Lemma l6^ vields 
that for all y G y 

m = i^\^G)\Ay)^E*iy). 

This leads to specify a subgroup Hj^ ^^^{F) of the group H^(F) whose el- 
ements are the restriction of (F ''-closed one-forms on U . It is easy to see 
that 

Hl,.m-^*{Hl{Y)), 
where i : J- ^ Y is the natural inclusion. 

(2) The case with log = d!>6u for some Ou G n^{U): Clearly dAOiAA = 0. 
Corollary iMl (2) implies that (^\>j:g)\t = cBu\t + a^, where a G Vt^{U) 
and = 0. Using the argument in the proof of Lemma [5751 we get 

ay) = c0u\Ay) + (^lAy) E*iy). 

The discussion above yields immediately 

Lemma 6.7. Denote H^{Y,uj) = H^{J-). The set of the infinitesimal l.c.s. equiv- 
alence classes of the solutions ^ of the linearized equation I16.20\) has one- one cor- 
respondence with 

(!) Hl{Y,Lo)/i*{Hl{Y)) if [lo] ^ m H^{Y) and 

(2) HliY,uj)/ii*{HliY)) + {e\Am) ifu: = d^e. 

7. Geometry of the l.c.s. thickening of a l.c.p-s. manifold 

In this section, imitating the scheme performed for the pre-symplectic manifolds 
in jOPj . we introduce special coordinates in the l.c.s. thickening {U,uju,'^*b) of a 
l.c.p-s. manifold and we compute important geometric structures in these coor- 
dinates ( (|7.4p . ()7.8p . (|7.1ip ). preparing for our study of deformations of compact 
coisotropic submanifolds in l.c.s. manifolds in the next two sections. 
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Again we start with a splitting 

TY ^G®E, 

the assoeiated bundle projection 11 : TY — > TY, the associated canonical one form 
9c, and the l.c.s. form 

uju = 7r*w - d''''''9G (7.1) 

on f/ C E*. Let 

be coordinates on Y adapted to the null foliation on an open subset V C Y. By 
choosing the frame 

{/l 7 " • ■ I fn-k} 

of E* that is dual to the frame {g|r, • ■ • , gqn-k } of -E'l we introduce the canon- 
ical coordinates on E* by writing an element a e _£* as a linear combination of 

{/r,-- •,/:_..} 

" =-P/3/,3> 

and taking 

as the associated coordinates. 

For a given splitting 11 : TY ~ G ® TJ", there exists the unique splitting of TU 

TU ^ ®TTr-\T) (7.2) 

that satisfies 

G« = (T37r-i(J-))'^^ (7.3) 

for any S £ [/, which is invariant under the action of l.c.s. diffeomorphisms on 
(t/, Wfy, 7r*6) that preserve the leaves of Tr^^{T). 

Definition 7.1. We call the above unique splitting the leafwise l.c.s. connection 
of U ^ Y compatible to the splitting 11 : TY = G © TJ-' or simply a leafwise l.c.s. 
H-connection of C/ Y. 

We would like to emphasize that this connection is not a vector bundle connection 
of E* although [/ is a subset of E* , which reflects nonlinearity of this connection. 
We refer the reader to subsection 1 1 3 . 1 1 for more detailed explanation. 

Note that the splitting 11 naturally induces the splitting 

n* :T*y = {TF)° ®G°. 
For the given splitting TY = G (B E wc can write, as in |0P1 (4.5)], 

for some Rfs, which are uniquely determined by the splitting and the given coor- 
dinates. 
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To derive the coordinate expression of we compute 



Hence we derive 



0. 



ec^ppidq" -R^dy'). (7.4) 



Here we note that 



This shows that if we identify E* = T*F with G°, then we may write the dual 
frame on T*T as 

f; = dqP - i?f (7.5) 

Motivated by this, we write 

dOc = dpp A {dq^ - R^dy') - ppdR^ A df 

= dpp A (d/ - i?f dy*) - (dg^ - ) A Pp-Q^dy' 

-P.(^^-i?J^jrfy^Ad,' (7.6) 

and 

Tr*bA9G = {b^dq'> + b,dy') A psidq^ - Rjdy^). (7.7) 
Combining (|7.6p . (|7.7p and (|5.ip . we derive 



ujij ^ ^ (uj,j - PfsPf^^ dy' A dy^ 



- I^dp. +p.(6^V + bdyl+Pp dfj ^ ('^9" - Rjdy^) 
= ^{uj,,-ppF(!^)dfAdy^ 

- (^dp,+P.b^ {dq'' - Rjdy') + (^,{b, + fe^i?/) dy*^ 

A(dg'^-i?;dy^) (7.8) 

similarly as in the derivation of |0P1 (6.8)], where F^^ are the components of the 
transverse H-curvature of the null-foliation given by (|13.5p in the Appendix. 
Note that we have 

d d d d ^ 



r7r-i(^) = span{-^. 



dpi apn-k ■ 



which is independent of the choice of the above induced foliation coordinates of 
TU. 
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Now we compute — (Ttt ^(J^))"^ in TU in terms of these induced foliation 
coordinates. We will determine when the expression 

d d 



satisfies 



^(7 



dq 



d_ 



It is immediate to see by pairing with 

= 0^ /3 = 1, 

Next we study the equation 



-k. 



(7.9) 



d 



d d 



' dp^ ' dq'' 



for all 1/ = 1, 



k. A straightforward check provides 



(7.10) 



for all I' and j. Combining (j7.9p and (j7.10p . we have obtained 



d 



(T.-(^))-=span^ + i?," — 




l<j<2fe 

>:ii) 



Remark 7.2. Just as we have been considering 11 : TY = G®TF as a "connection" 
over the leaf space, we may consider the splitting fl" : TU = ® T{'k~^T) as the 
leaf space connection canonically induced from 11 under the fiber-preserving map 

■K -.U -^Y 

over the same leaf space Y/ Note that the space of leaves of T and ■k~^T are 
canonically homeomorphic. 

8. Master equation in coordinates 

We will derive the first equation for the graph of a section s :Y ^ E* = NY 
to be coisotropic with respect to uju (Theorem 18. ip , which is a natural extension 
of a similar equation in the symplectic setting obtained in jOPj . We call the cor- 
responding equation the classical part of the master equation for the deformation 
theory of coisotropic submanifolds. 

Recall that an Ehresmann connection of [/ — > y with a structure group i7 is a 
splitting of the exact sequence 



-> VTU 



TU ^ TY 







that is invariant under the action of the group H. Here H is not necessarily a finite 
dimensional Lie group. In other words, an Ehresmann connection is a choice of 
decomposition 

TU = HTU © VTU 

that is invariant under the fiberwise action of H. Recalling that there is a canon- 
ical identification V^TU = V^TE* = E*,^s, a connection can be described as a 
horizontal lifting HTsU of TY to TU at each point y e Y and a £ U C E* with 
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7r(S) = y. Wc denote by F# C HTU the horizontal lifting of a subbundle F C TY 
in general. 

Let {y^, ■ ■ ■ , y^*^, (?^, • • • , q"'^^) be foliation coordinates of on y and 
{y\--- ,y^'',q\--- ,g"-^pl,••• ,pn-k) 

be the induced foliation coordinates of Tr^^{J-) on [/. Then = (T7r^^(J^))'^'^ 
has the natural basis given by 

which are basic vector fields of T{tt^^T). We also denote 

We define a local lifting of E 

S« -span{/i,-.- ,/„_fc}. (8.2) 
The lifting (|8.2p of provides a local splitting 

Tc/ = (g" © £;•*) © yrc/ ^ TF 

and defines a locally defined Ehresmann connection on the bundle U Y . From 
the expression (|7.8p of lou , it follows that © i?" is a coisotropic lifting of TY to 
TU . We denote by 11^ : TU — > VTU the vertical projection with respect to this 
splitting. 

With this preparation, we are finally ready to derive the master equation. Let 
s : y — !■ ?7 C be a section and denote 

Vs := o ds (8.3) 

its locally defined "covariant derivative" . In coordinates {y^ ^ ■ ■ ■ , y^'"", q^, - ■ ■ , 9"~'°), 
we have 

, ( d \ d dsa d 



dy^ / dy^ dy^ dpa 



8 I Bh BR'^\ 8 



Therefore we have derived 

dq" I 8p, 



8 \ 8 

, + b,R]) + sp^]^. (8.4) 



Similarly we compute 

a 



ds 



\8a''J 



8 


8Sa 


8 


'd^ ^ 
8 


Bq" 

8Sa 


8pa 

8 


'd^ ^ 


Bq"" 


8pa 




8 




Bq" 


8pa 





and so 

V.f^)=^,^. (8.5) 
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Et ® VTs_U, we conclude that the 



, e2fc, /i, ■ 



dpi 



dp„ 



can be expressed by the linear map 
Ah : (E* © VTUY" - 
Ai-.E* - 



VTU^E*; {AhY^^^^s^, 
VTU^E*; iAi)i=VpSa., 



where 

d_ 
d_ 

Finally we note that 



(V/3Sa) 



d 



V,Sc 



ds 

dSa 



(8.6) 



and denote its inverse by (w*-'). Note that (wy) is invertible if is sufficiently 
small, i.e., if the section s is C°-close to the zero section, or its image stays inside 
of U. Now Proposition 2.2 immediately implies 



Theorem 8.1. Let Vs be the vertical projection of ds as in 1^8. 4\ )- Then the graph 
of the section s : Y U is coisotropic with respect to uju if and only if s satisfies 



for all a > P or 



ViSaljj'^^y jSfi = V [jSa - VaSp 



(8.7) 



where f* is the dual frame o/ {^r, • • • , gg^-k } defined by ( [7.5p . 

Note that (|8.8p involves terms of all order of sp because the matrix (uj^^) is the 
inverse of the matrix 

There is a special case where the curvature vanishes i.e., satisfies 

d 



FG^Ff^^(»dfAdy^=0 



(8.9) 



in addition to (|5.3p . In this case, 



ojij which depends only on y^'s and so does 



j'-'. Therefore (|8.8p is reduced to the quadratic equation 
i(V.s„c.*-' V.s^)/: A f*p = (V^s„)/: A 

9. Deformation of strong homotopy Lie algebroids 



(8.10) 



In this section, we provide an invariant description of the master equation we 
have derived in the previous section. This can be regarded as the equation for the 
coisotropic submanifolds in the formal power series version of the equation or in 
the formal manifold in the sense of Kontsevich [K] , |AKSZ) . 
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9.1. &-deformed Oh- Park's strong homotopy Lie algebroids jOPj . We start 
with the normal form (|7.1|) of the symplectic thickening. We also note that the 
diseussion of leaf space connection and the curvature, in particular the one-form 
9q does not depend on the closed one-form b but only depends on the conformal 
pre-symplectic form u and the splitting TY = G ® E only. In this regard, we can 
view the normal form in (|7.1[) as a deformation of the nondegenerate two form 

■K*uj — dOc 

to a conformal symplectic form relative to 7r*6. So from now on, we denote lou = 
■n*Lj — dOc and 

Lulr =LOu- d^'''9G. (9.1) 
This deformation is responsible for the appearance of 6-terms in (|7.8I) and then 
(|7.1ip . (|8.ip and eventually for the covariant derivative (|8.4p . 

Again we regard (j8.6p as the deformation of the old covariant derivative formula 
appearing in [OPi (7.3)] and denote the full covariant derivative 

V''s = Vs + b\jrs + {b\R\s (9.2) 

where b\jr is the restriction to the null- foliation of the one- form b and {b\R\ is the 
pairing of b and R which produces a one-form on G with values in TJ-. 

Now we give a deformed version of the notion of strong homotopy Lie algebroid 
introduced in jOPj . 

Definition 9.1. Let E' — > F be a Lie algebroid. A 6-deformcd Loo-structure over 
the Lie algebroid is a structure of strong homotopy Lie algebra ([[l],m) on the 
associated 6-deformed £'-de Rham complex [' ~ ri'{E) — T{A'{E*)) such that mi 
is the i?-differential ^d^ induced by the (deformed) Lie algebroid structure on E 
as described in subsection 113.21 We call the pair {E Y,m) a fe-deformed strong 
homotopy Lie algebroid. 

Here we refer to |NTj or Appendix 113.21 for the definition of _E-differential used 
in this definition. 

With this definition of a 6-dcformed strong homotopy Lie algebroid, we will show 
that for given l.c.p-s. manifold {Y,uj, b) each splitting H : TY = G © TF induces a 
canonical Loo-structure over the Lie algebroid TF — > Y . 

The following linear map and quadratic map are introduced in |OPj which play 
crucial roles in the construction of Loo-structure on the foliation de Rham complex; 
a linear map 

w : Q}{Y- A'E*) ^ r{A'+^E*) = n'+\F), (9.3) 

a quadratic map 

i;-)^ : n\Y;A^'E*)^nHY]A^''E*) ^ n^'+^^-{T), (9.4) 

and the third map that is induced by the transverse H-curvature, whose definition 
is now in order. 

We recall the definitions of those maps. The linear map u; is defined by 

^{A) {A\E)skew. (9.5) 

Here note that an element A e il^(Y; A^E*) is a section oiT*Y®A^E* . Restricting 
Aio E for the first factor we get A\e & E* ® A^E* . Then {A\E)skew is the skew- 
symmetrization of A\e- The quadratic map is defined by 

{A,B)^ {A\^\B) - {B\^\A) 
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where tt is the transverse Poisson bi- vector on N*J- associated to the transverse 
symplectic form uj on NJ-. 
We will denote 

F* := Fu~' = Ft^df 8(^4- i?f ^) « A- e r(G* ^G^E), (9.6) 

where F"^ = F^^uj^K Note that we can identify T{G* ® G ® E) with V{N*T ® 
NT ® E) via the isomorphism ttq : G — > NF. 
For given ^ e il^(J^), we define 

d'Ai) (V''eb).fce», (9.7) 

and deformed bracket 

(V-a, V^^). = ^c.'J"(V,^ei) A (V56). (9.8) 

Here the map in (|9.7p is nothing but the 6-dcformed Icafwise differential of the null 
foliation which is indeed independent of the choice of splitting 11 : TY = G © TF 
but depends only on the foliation and the projection of the one-form b to F^ see 
also subsection ll3.2l By Remark l2.2l the obtained leafwise differential depends only 
on UJ. We use ctjr and Sjr interchangeably. 

The second is a bracket in the transverse direction which is a 6-deformation of 
the one given in [OB (9.13)]. 

Now we promote the maps c?^ and {■,■}'' to an infinite family of graded multi- 
linear maps 

so that the structure 

n — k \ 

0I[lF;K}i<,<oo 
j=o J 
defines a strong homotopy Lie algebroid on E = TF — ^ Y in the above sense. Here 
n[l]*{F) is the shifted complex of n'{F), i.e., n[l]''{F) = n''+^{F) and im is 
defined by 

mj(0 = (-l)l«l4(0 

and m2 is given by 

m^(Ci,6)-(-i)i«^i^i«^i+^)Ui,6}^. 

On the un-shifted group I, djr defines a differential of degree 1 and {•, -jt^ is a graded 
bracket of degree and ra^ is a map of degree 2 — £. 

We now define for £ > 3. Here enters the transverse H-curvaturc _F = Fn of 
the splitting H of the null foliation F. We define 

(9.10) 

where |cr| is the standard Koszul sign in the suspended complex. We have now ar- 
rived at our definition of strong homotopy Lie algebroid associated to the coisotropic 
submanifolds. which is a fe-dcformation of the one introduced in |OP[ section 9], 
but which is applied after enlarging our category to that of locally conformal pre- 
symplectic two forms instead of pre-symplectic two forms. 



DEFORMATIONS OF COISOTROPIC SUBMANIFOLDS 



23 



Theorem 9.1. Let {Y,uj,b) be a l.c.p.s. manifold and H : TY = G © be a 
splitting. Then 11 canonically induces a structure of strong homotopy Lie algebroid 
on TJ- in that the graded complex 

0f7[l]*(J-),K}i<,<oo^ 

defines the structure of strong homotopy Lie algebra. We denote by \-(Y,ui,b-ji) 
corresponding strong homotopy Lie algebra. 

Proof. The proof of this theorem follows the strategy used in the proof of Theorem 
9.4 [OPj . whieh uses the formalism of super- manifolds and odd symplectic structure 
on the super tangent bundle T[1]U [AKSZj of the l.c.p.s. thickening U of {Y,uj, h). 

We change the parity of TU along the fiber and denote by T[1]J7 the corre- 
sponding super tangent bundle of U . One considers a multi- vector field on [/ as a 
(fiberwise) polynomial function on T*[V\U . For example, the bi- vector field P, in- 
verse to the non-degenerate form uju (cf. (|9.ip ). defines a quadratic function, which 
we denote by H . This also coincides with the push-forward of the even function 
H* : T[1]U — > R induced by oju- We denote by {•, ■}n the (super-)Poisson bracket 
associated to the odd symplectic form 51 on T[1]U. Then the bracket operation 

Q -^{H^-jn 

defines a derivation on the set Ox[i]u oi "functions" on T[1]U: Here Ot[i]u is the 
set of differential forms on U considered as fiberwise polynomial functions on T[1]U. 
We refer to [Gz| or |0P1 Appendix] for the precise mathematical meaning for this 
correspondence. Therefore it defines an odd vector field. 

Restricting ourselves to a Darboux neighborhood of L = ^-^[1] C T[l]t/, we 
identify the neighborhood with a neighborhood of the zero section T*[1]L. Us- 
ing the fact that (|9.14|) depends only on ^, not on the extension, we will make a 
convenient choice of coordinates to write H in the Darboux neighborhood and de- 
scribe how the derivation Q = {H, ■}fi acts on fl'{J-) in the canonical coordinates 
of r*[l]L. In this way, we can apply the canonical quantization which provides a 
canonical correspondence between functions on "the phase space" T*[1]L and the 
corresponding operators acting on the functions on the "configuration space" L, 
later when we find out how the deformed differential S'' (|9.15p acts on rt*{J'). 

We denote by {y\q",Pa,yi ,QaiP*) the canonical coordinates T*h associated 
with the coordinates {y^,q°',Pa) of N*T. Note that these coordinates arc noth- 
ing but the canonical coordinates of N*Y C T*U pulled-back to TT C TU and 
its Darboux neighborhood, with the corresponding parity change: We denote the 
(super) canonical coordinates of r*[l]L associated with {y^,q°' \ Pa) by 

(y\ 

Here we note that the degree of j/', and pa are while their anti-fields, i.e., those 
with * in them have degree 1. And we want to emphasize that L is given by the 
equation 



yi =Pa=P^ = 



(9.11) 
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and (jj^TUi)-, {pa,qa) ^^.d {p",q°') are conjugate variables. In terms of these coor- 
dinates, |0P| (9.23)] provides the formula 



H* = ^^^^yfyf+piqt. (9.12) 



Here, we define yf to be 



yf := y* + Rfpt - U{h, + b^R])+p^^q; j 

arising from (|8.ip similarly as in [OPl (9.23)]. When w is a closed symplectic form 
as in |OPj . we have {H*,H*} = 0. However in the current l.c.s. case, this is no 
longer the case. 

Lemma 9.2. Consider the l.c.p.s. manifold {Y,uj,b) and let {U,uJu,T:*b) be its 
c.p.s. thickening constructed before. Regard the closed one-form Tr*b as the odd 
function b = bqipj + bp^q^ + biipf where pZ — dq'^ , ipf ~ dyf, q'g ~ dpg. Then 
{H*,H*} = bH*. 

Proof. In this proof, we use Einstein's summation convention, whenever we feel 
convenient. Using the canonical bracket relations, we compute 

{H\H*}^- [^-^ql + -^pi j yt4 + -^vtvM. 

However the d^-closedness of ujij means that this sum is precisely equivalent to 

{h,.q2 + bp.pluj^^ + bdf )\io'^^yty* - bH* . 

This finishes the proof. □ 

We will be interested in whether one can canonically restrict the vector field Q 
to L = TJ^[1] or equivalently whether the function H has constant value on L. 
Here comes the coisotropic condition naturally. The following was proved in [OPj . 
which still holds for the current l.c.s. case. 

Lemma 9.3. [OPl Lemma 9.5] Let H be the even function on T[1]X induced 
by the symplectic form lux, and H* : T*[1\X — > R &e its push-forward by the 
isomorphism ujx ■ T[1]X — ^ T*[1]X. When Y C {X, uj) is a coisotropic submanifold 
we have i?*|jv*[i]y = 0. Conversely, any (conic) Lagrangian subspace L* C T*[1]X 
satisfying H*\i^- = is equivalent to N*[1]Y , for some coisotropic submanifold Y 
ofiX,^). 

Now we consider the 6-dcformed Hamiltonian : T[1]U — > M the even func- 
tion induced by the l.c.s. form w^. From the expression (|7.8|) . a straightforward 
calculation leads to 

Hl=H*+p,qlb (9.13) 
where ql ~ x" ^ ^j^j the conjugate variable oi p^, and b = b^x^ + bi^"^. 

Proposition 9.4. {H^,H^} = when restricted to Otii]x- 

Proof. This is an immediate translation of the equality d^d'' = 0. For readers' 
convenience, we prove this by direct calculation. By (j9.1ip . we have 

{Puqlb,p^,qlb} = 
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when restricted to Ol*. Finally we note that the veetor field Q = {H* , ■} restricts 
to 

d d d 

Therefore having (j9.1ip in our mind, we compute 

{H*,p,q:b} = {H*,p,q:{b,p: + b'r)} 

= {H*,H*} + {H*,p,q:b^yn + {Puqlb'y* ,H*}. 
But we have {H*,H*'} = bH*' and compute 

{p^qtb, H*} = -p, + qt{b, H*} 

Both restricts to zero on Otii]x by (|9.1ip and Lemma 19.31 This completes the 
proof of Proposition 19.41 □ 

Noting that L* = A^*[1]F is mapped to L = r7^[l] under the isomorphism uix, 
this lemma enables us to restrict the odd vector field Q to TJ^[1\ . We need to de- 
scribe the Lagrangian embedding C r[l]X more explicitly, and describe the 
induced directional derivative acting on ^'{J-^) regarded as a subset of "functions" 
on rj^[l]. (Again we refer to |0P1 Appendix] or jGz] for the precise explanations 
of this). 

Now we define (5^ : il' (J") -> il' (J") by the formula 

m--={H^,^}nl (9.14) 

where ^ is the extension of ^ in a neighborhood of L C T[1]X: the extension that 
we use is the lifting of ^ € ^'(J^) to an element of il*{U) obtained by the (local) 
Ehresman connection constructed in section HI The condition QIl = implies that 
this formula is independent of the choice of (local) Ehresman connection. We will 
just denote (5^(^) = {H^,£^}a instead of ()9.14p as long as there is no danger of 
confusion. 

Obviously, S'^ satisfies S'^S'^^ = because of {H^,H^} = by Proposition 19.41 
Now it remains to verify that this is translated into the Ltxj-relation S^'S'^ = in the 
tensorial language which is exactly what we wanted to prove. For this purpose, we 
need to describe the map (5^ : fl*{J^) — > niore explicitly. 

The rest of the argument is precisely the same as the end of the proof of |0P| 
Theorem 9.4]. By expanding the even function above into the power series 

= ^ Hi, Hi g 
(=1 

in terms of the degree (i.e., the number of factors of odd variables {yi,p",Pa) or the 
'ghost number' in the physics language) our definition of exactly corresponds to 
the ^-linear operator 

(?i,6,-- - ,^e) ^ {■■■{Ht,^i}n,---}n,^e}n- 

Note that the above power series acting on (d, • • • ,£,e) always reduces to a finite 
sum and so is well-defined as an operator. Then by definition, the coderivation 



S'^Y.'^I (9.15) 



e=i 
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precisely corresponds to = {H^, ■}n- Here is the fe-deformed m^-map defined 
by 

fe=o ' 
k times 

(See |F000| section 3.6] for a general discussion on the deformation of A^o struc- 
tures. This definition is the symmetrized version thereof.) The L^o relation S^S'' = 
then immediately follows from = 0. This finishes the proof. □ 

For example, under the above translation, the action of the odd vector field Q |l 

on 

translates into to the Icafwisc differential djr. This finishes the proof of Theorem 
I9T1 □ 



9.2. Gauge equivalence. In this section we prove that two strong homotopy Lie 
algebroids we have associated to two different splittings are gauge equivalent or 
L°°-isomorphic. This is the formal analog to the (C°°)-Hamiltonian equivalence of 
the coisotropic submanifolds. 

Definition 9.2. Let (C[l],m), (C"[l],m') be Loo-algebras and S, S' be the as- 
sociated coderivation. A sequence cp = {'fk}kLi with (fk ■ EkC[l] — )• C'[l] is 
said to be an Loo-homomorphism if the corresponding coalgebra homomorphism 
EC[l] EC [I] satisfies 

o 5 — 5' o i^. 

We say that ip is an Leo-isomorphism, if there exists a sequence of homomorphisms 
■0 = {V'fejfc^i: V' • E}^C'[V\ C'[l\ such that its associated coalgebra homomor- 
phism ^} : EC [I] -> EC[l] satisfies 

i) o (p = idEc[i\^ ^0-0 = «rf£;c'[i]- 

In this case, we say that two L^o algebras, (C[l],m) and (C"[l],m') are L^o isomor- 
phic. 

The following theorem is the 6-deformed version of |0P[ Theorem 10. 1]. (See 
also Definition 8.3.6 [^.) 

Theorem 9.5. The two structures of strong homotopy Lie algebroid on the null 
distribution E — TT of {Y, lo, b) induced by two choices of splitting 11, 11' are canon- 
ically LoQ-isomorphic. 

Proof. We start with the expression of the l.c.s. form ujjj 

LUU ~ TTyW — d0G — T^yb /\6q 

given in p. 41) that is canonically constructed on a neighborhood U of the zero 
section E* = T*F when a splitting II : TY ^ G ® TF \s provided. To highlight 
dependence on the splitting, we denote by On and a;{^ the one-form Oq and the l.c.s. 
form ujij. We will also denote by 5\y the 5 : EC\1\ — > i?C[l] corresponding to the 
splitting n. Here we would like to emphasize that the one-form Oq depends only 
on the splitting H but not depend on the one-form b. 
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Then for a given splitting Ho, we have 

=rf-v^(^^^o-M■ (9.16) 
In the super language, this is translated into 

- < = {H'n„,r}n - -{r,H^„}n (9.17) 

where F is the function associated to the one-form —On which has deg'{T) = (or 
equivalently has deg{T) ~ 1). This function does not depend on b. The last identity 
comes from the super-commutativity of the bracket and the fact that deg{H^^) = 2 
and deg{T) = 1. Once we have established these, the rest of the proof is the same 
as that of Theorem 10.1 jOPj and so omitted, referring the readers thereto. □ 

This theorem then associates a canonical (ioo-)isomorphism class of strong lio- 
motopy Lie algebras to each l.c.p-s manifold {Y,uj,b) and so to each coisotropic 
submanifold of l.c.s manifold {X,ujx,bx)- As in the symplectic case, it is obvi- 
ous from the construction that pre-Hamiltonian diffeomorphisms induce canonical 
isomorphism by pull-backs in our strong homotopy Lie algebroids. 

In the point of view of coisotropic embeddings in l.c.s manifolds, this theo- 
rem implies that our strong homotopy Lie algebroids for two Haniiltonian isotopic 
coisotropic submanifolds are canonically isomorphic and so the isomorphism class 
of the strong homotopy Lie algebroids is an invariant of coisotropic submanifolds 
modulo the Hamiltonian isotopy as in the symplectic case [OPj . (See the relevant 
discussion in section [11] on the general bulk deformations of coisotropic submani- 
folds. According to the definitions therein, Hamiltonian deformations of coisotropic 
submanifolds correspond to equivalent bulk deformations.) This enables us to study 
the moduli problem of deformations of l.c.p-s. structures on Y in the similar way 
as done in |0P| . Up until now, most of our discussions correspond to the l.c.s. 
analogues of the deformation theory developed in |0P| in the symplectic context. 
This effort will finally pay off when we study the moduli problems of coisotropic 
submanifolds and its obstruction-deformation theory. We will be particulary inter- 
ested in the deformation problems of Zambon's example in this enlarged categorical 
setting of conformally symplectic manifolds. 



10. Moduli problem and the Kuranishi map 

In this section, we write down the defining equation (j8.8p for the graph Graph s C 
TU C TE* to be coisotropic in a formal neighborhood, i.e., in terms of the power 
series of the section s with respect to the fiber coordinates in U and study them 
using (|6.17p . Using the concept of gauge equivalence of the solutions of a Maurer- 
Cartan equation in [FOOO) 4.3] we will study the moduli problem of the Maurer- 
Cartan equation (jlO.ip of i'^^ i,y 

First we state the following 6-dcformed analogue of Theorem 11.1 [OP] whose 
proof is the same as that of the latter and so omitted. 

Theorem 10.1. The equation of the formal power series solutions F G of (|8.8p 
is given by 

oo 

5]-m,^(F,-.- ,F)=0 onn\T) (10.1) 

£=1 
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where 

oo 

r = ^£'^Tfc (10.2) 

k=l 

where 's are sections of T* J- and e is a formal parameter. 

As in [OPl Remark 11.1] it is possible to interpret (|10.ip as the condition for the 
gauge changed weak (or curved) ioo-structure to define a (strong) ioo-structure, 
i.e., mg = or the Maurer-Cartan equation m'^^ o fnj''" = for the deformation 
problem of the corresponding l.c.p-s. structure (y,w,6). In what follows, we will 
use (|6.17p to study a formal solution of (|10.ip . This description seems to be more 
suitable for the study of C°° Maurer-Cartan equation which we hope to pursue in 
a sequel to the present paper. 

By Theorem 16.21 using (|6.9|) . a solution F of ()8.8p is also a solution of (|6.17|) . 
and therefore a formal solution of (|8.8p is also a formal solution of (|6.17|) . Let us 
plug a formal solution F, identified with p^F, into (|6.17p . denoting —S'iTi) 
and expanding (w — (i''(F))'^+^. Noting that and are differential forms of even 
degree, we abbreviate wedge products of them as usual products. As a result we 
obtain 

oo 

1 < ^l < < 

1 < s„ 

si H h Sp < (A; + 1) 

iisi H h ipSp = 

Consequently for each A^ > we have 

= ajv(A; + l)a;'''+ 



E <--<-cr)-c,;')"'"- 

1 < < < ip < A^- 1, 

1 < Si, 

Sl^ — + sp < (fc + 1) 

iiSi + • ■ • + ipSp — N 

(10.3) 

Note that the number p entering in (|10.3p is bounded by (fc + 1). 

Let us examine (|10.3p for small numbers A^. For A^ = the corresponding term 
in (ITTOll is uj^+'^{y) = 0. 

For A^ = 1 the corresponding values in (|10.3p are p = 1 = ii = si and the 
corresponding term is 

oj''ai{y) = 

which is equivalent to 

4Fi(y)=0. 

(See (|6.19p . ()6.20|) .) So Fi is a solution of the linearized equation, which is assumed 
to be given. 
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For N ~ 2 the corresponding values in (|10.3|) are p = 1, ii = l,si = 2 or 
ii = 2, si = 1. The equation (|10.3|) in this case has the foUowing form 

which is equivalent to 

k 

^ -uj A d''jrr2 = -al, 

^-4r2 = ^Pc.J(a?), (10.4) 

where Pui is the bi- vector in A^G dual to the restriction of u to G, so uj{Puj) = k. 

We note that the RHS of (fTo:4| is im^(ri, Ti) (cf. (H^). Since is a derivation 
of m2 the map 

induces the Kuranishi-Gerstenhaber bracket 

KG : HUY,u) X Hl{Y,w) ^ Hl{Y,iu), ([Fi], [T^]) ^ iK(ri,r2)]. 

Since rrij is symmetric, the Kuranishi-Gerstenhaben bracket is defined by the Ku- 
ranishi map |0P| 

Kr : Hl{Y,Lu) -> Hi{Y,Lu), [Fi] ^ [m^(ri,ri)]. 

Corollary 10.2. (cf. |0P[ Corollarvll.5] ). The moduli problem is formally unob- 
structed only if Kr vanishes. 

The following Theorem is a 6-deformed analog of [OPl Theorem 11.2] derived in 
the symplectic case, so we omit its proof. 

Theorem 10.3. Let T be the null foliation of (Y,Lj,b) and [ — (B^Z^l^ be the 
associated complex. Suppose that H^{Y,uj) = {0}. Then for any given class a £ 
Hl{Y,uj), {mip has a solution V = Y.'^^i e'^T^ such that d''jr{Vi) = and [Vi] = 
a G HI{Y,uj). In other words, the formal moduli problem is unobstructed. 

In general, we say that an clement Fi G ker(ijrnf7^(J-') is formally unobstructed, 
if there exists a formal solution to (|10.1I) whose first summand Fi is the given one. 
Similarly, Fi G kcrd^ H 17^ is called smoothly unobstructed, if it is tangent to a 
curve of smooth coisotropic deformations. 

Note that Hamiltonian diffeomeorphisms on U that are close to the identity act 
on the space of formal deformations by acting on each summand F; in p0.2p . (If a 
diffeomorphism (f) :U U is close to the identity and T : Y ^ U C is a section, 
then the composition TTO(j)oT: Y^Y is a, diffeomorphism, hence there exists a 
diffeomorphism g G Diff{Y) such that (f/oTog: Y—i'UcG° is a section.) They 
also act on the space of smooth coisotropic deformations by an obvious way. The 
following Lemma is straightforward, so we omit its proof. 
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Lemma 10.4. Given a function f G C°°{Y) and an element a G ^^{J^) n kcrdjr 
the following assertions hold: 

(1) a is formally unobstructed, if and only ifa + dj^f is formally unobstructed. 

(2) a is tangent to a curve 7(i) of coisotropic deformations ofY in {U,ujg,tt^) 
then a + djrf is tangent to the curve (pt ° It, where (pt 's are Hamiltonian 
difjeomorphisms close to the identity on ([/, WG,7r*6) and generated by an 
extension of Hamiltonian f to U . 

Now we study the moduli of the solution of the Maurer-Cartan equation under 
the action induced by Hamiltonian difFeomorphisms on a neighborhood {U, lou, TT*b) 
of y, taking into account Theorem l6.5l Here we follow the ideology in |F0001 4.3]. 
First we need introduce the notion of a model of the product of [0, 1] with an Loo- 
algebra (C[l],m), which is also a Loo-algebra, imitating the analogous notion for 
Aoo-algebras, introduced in |F000| 4.2]. 

Definition 10.1. (cf. |F000| Definition 4.2.1]) An Loo-algebra {C[l],m) together 
with Loo-homomorphisms 

Incl : EC[1] C[l], Evals^n : L;C'[1] ^ C, Evals=i : EC ^ C 

is said to be a model of [0, 1] x (C[l],m), if the following holds: 

(1) Incl : EkC[l] C[l] is zero unless k = 1 The same holds for Evals=o and 
Evals=i. 

(2) Evals=o ° Incl — Evals=i o Incl = identity. 

(3) Incl\ : (C[l],mi) — > ((^[Ijjfii) is a cochain homotopy equivalence and 
{Evals=o)i, {Evals=i)i : (C'[l],tni) (C[l],mi) are cochain homotopy 
equivalences. 

(4) The (cochain) homomorphism {Evals=o)i®{Evals=i)i : C[l] C[1]©C[1] 
is surjective. 

Definition 10.2 (Maurer-Cartan moduli space), (cf. }F0001 Definition 4.3.1]) 
We say that two solutions Fi, r2 of (|10.ip are gauge-equivalent if there exist a 
model ((7(1], ffi) of [0, 1] x (C[l], m) and a solution F of the Maurer-Cartan equation 
of ((^[l],:!!) such that Evals^o*(^) = Ti, Evals=i*{t) = F2. We say such a F a 
homotopy from Fi to F2 . We denote by 971 formal {Y, uj, b) the set of gauge equivalence 
classes of Maurer-Cartan solutions. 

Note that any Hamiltonian diffcomorphisms 4>t, (po ~ Id, on {U,ujij,d'" ^) which 
are close to the identity, provides a homotopy between a formal solution F to 
()10.1|) . Denote by DyiHam{Y, uj, b) the set of Hamiltonian equivalent classes of formal 
coisotropic deformations of y in U. Using the argument of the proof Theorem 19.51 
we obtain easily a natural map ^fflHamiY,uJ,b) — >■ ^fflformal{Y,io,b). 

Remark 10.3. Theorem l6 . 2l implics that there is a one-one correspondence between 
of coisotropic deformations of a coisotropic submanifold Y C {U,lojj ,T^*b) and the 
set of deformations {uj' ,b) of the l.c.p-s. form {uj,b) that arc of the same rank as 
Lo and uj' — UJ = d^s for some s S V,^{J-'). The Hamiltonian equivalence of the 
coisotropic deformations induces a "Hamiltonian" equivalence on this set of l.c.p-s. 
forms on {Y,uj,b). 

A deeper analysis on the relationship between the equations (jlO.ip and (jlO.Sp . 
using some ideas in |LV| . will be given in a sequel to the present paper. In particular. 
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it was raised as a question in |0P| whether the C°°-analog to Theorem 110.31 holds 
or not. We hope to study and answer to this question in the sequeL 

Remark 10.4. Among coisotropic deformations oiY there are special deformations 
respecting the leaf J^, i.e. those deformations F whose associated null foliation T 
stay unchanged, or equivalently, J- C kerd'T. For instance, if Y is Lagrangian 
all coisotropic deformations respect J- = Y. These deformations form a linear 
space, therefore, they are smoothly unobstructed. Clearly, they are invariant under 
infinitesimally Hamiltonian actions. A particular case has been considered by Ruan 

m- 

11. Deformations of l.c.s. structures on X 

In this section we derive formulas (fTTj) . ([TT|) describing the Zariski tangent space 
of the set ^Xftics{X) of equivalent classes of l.c.s. structures on a manifold X. 

Definition 11.1. We call a smooth one-parameter family {X,u!t, bt) of l.c.s struc- 
tures for — e < t < e a bulk- deformation. 

Since nondegeneracy is an open condition, we can represent a deformation iOt 
with 

duH _ 
dt t=o 

The l.c.s. condition can be written as 

\dbt = o. ^ • ' 

In fact, since we assume dimX > 4, uJt uniquely determines bt- So we will focus on 
the deformation of uJt. By differentiating (|ll.ip with respect to i at 0, we obtain 

dbt 



dn + bo /\ K+ „ 
ot 



Aujx^O. (11.2) 
t=o 



Therefore we immediately derive the following description of Zariski tangent space 
of the set of l.c.s. structures. 

Lemma 11.1. Let {X,iOt,bt) be a bulk- deformation of l.c.s. structure on X with 
{luq, bo) = {(^x, b). Denote 

dujt dbt 
dt t=o ' dt t=o 

Then (k, c) satisfies 

d^K=-cAujx, dc = 0. (11.3) 

Since two l.c.s. forms e-^'wt and Ut are equivalent for ft S C°°{X), two infinitesi- 
mal deformations {k, c) and {k', c') of {X,ujx, b) are equivalent if there is a function 
/ G C°°{X) such that 

K^-fcjx + n' and c=c' + df. (11.4) 

Definition 11.2. We call a pair (k, c) an infinitesimal deformation of {X,u!x,b) 
when it satisfies (jll.3p or equivalently 

d^K = -c A u!x, dt = 0. 



Now we recall the following from Definition 12.3 
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Definition 11.3. Wc say (X, a;, b) is diffcomorphic to {X',u!' , b') if there exists a 
l.c.s. diffeoniorphism <j> : X ^ X' . We denote by £,€.&{X) the set of l.c.s. structures 
on X and '^ics{X) the set of equivalence classes of l.c.s. structures on X . 

The following is the infinitesimal analog to this definition, taking into account 

(ma. 

Definition 11.4. We say two infinitesimal deformations (k', c'), (k, c) of (X, wx, b) 

are equivalent, if there exist a vector field ^ of X and a function / € C°°(X) such 
that 

k' = — / • ujx + n + jO,^ujx, c' = c + C^b + df. 
We denote by Def(X, cjx, b) the set of equivalence classes of infinitesimal deforma- 
tions of {X,uJx, b). 

By definition, Dcf(X, wy, b) is the Zariski (or formal) tangent space of dJlics{X) 
at {ojx, b). 

Next, we provide an explicit description of the Zariski tangent space Dci{X, ujx , b) • 
Definition 11.5. Define a map S{ujx, b) : Vect{X) (kerd'' n n'^{X)) by 

S{ujx,b){^,c) := d'i^M-cLOx- 

We divide our description of Dei{X, ux, b) into two different cases depending on 
the cohomological property of [ujx] & H^{X). 

We start with the case where the linear map L : H^{X,R) H^{X,'R), [a] i-> 
[a] A [wx], is injective. In this case, any solution of (|11.3p is of the form 

(k = -f -UJX +13, c = d/), 

where 

/ e C°°{X) and /? G kerd" n n^{X). 

By Definition 111.41 (— / • ujx + P,df) is equivalent to (/3,0). The Cartan formula 
yields 

c^b - d(b(c)) 

C^iujx) = ^\dujx+d{C\ujx) = -biOoJx + bAi(\LJx)+d{^]iJx). 

Hence 0) is infinitesimally equivalent to zero if and only if there exist a function 
g G C°°{X) and a vector field ^ on X such that 

13 = d'^i^lux) - {g + b{0)iOx and = d{g + (b(e)). 

4^ /3 = - cujx and g + b(^) = c. 

Therefore we have 

Def(X,a;x,b) {{kcTd'' nn^iX))/S{uj,b){Vect{X) (BR) = 

= i/2(X)/(L.x)«R. (11.5) 
In particular, if b = 0, i.e. {X,ujx, b) is actually a symplectic manifold, then 

Def (X, iox) = H^X, R)/{Lox)m- (11-6) 

Next, we consider the case where the linear map L : {X, R) {X, R) , [a] M> 

[a] A [wx], is not injective. In this case any solution of (|11.3p is of form 

{K = -f-Lox+l3 + e,c = df + -i), 
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where 

/ e C°°(X),[7] 7^0 G H\X,R),-f Aux ^d''9, and (3 e kcr d'' n n'^{X). 

Again the argument above imphes that {k = — / • ujx + f3 + 9, c = df + -f) is 
infinitesimahy equivalent to zero, if and only if there exist a function g G C°°{X) 
and a vector field ^ on X such that 

7 = -d{b{0 + g) and P + e^ d\i\ujx) -{9 + b{0)uJx. 

It follows that [7] = G H^{X). Hence in this case we have 

Def(X,a;x,b) = keri ® (kerd'' n 17^(X)/S'(wx, &)(l^erf(X) ® M) = 

= \cYL®Hl{X)l{uJx)m- (11-7) 
In particular, if b = 0, i.e. (X, wx, &) is actually a symplectic manifold, then 

T)ei{X,ujx) = ^^er L ® H^{X,R)/ {ujx)m- (11-8) 

Remark 11.6. In |Bal[ Theorem 2] Banyaga considered deformations of l.c.s. 
forms with a given Lee one-form. 

12. Bulk deformations of coisotropic submanifolds; Zambon's 

example re- visited 

In this section we consider bulk deformations of l.c.s. forms on a l.c.s. manifold 
X under which a given compact coisostropic submanifold Y stays coisotropic. Then 
we study bulk coisotropic deformations of Y under such bulk deformations of l.c.s. 
forms (Definition 112.11 Lemma [12.21 Lemma [12.11 Theorem I12.3p . Finally we re- 
examine the Zambon example under bulk coisotropic deformations and show that 
it is still obstructed (Theorem 112.41 ) 

Given a coisotropic submanifold i :Y ^ {X, ujx, b) we say that a bulk deforma- 
tion (wt, bt) respects y, if y remains coisotropic in (X, wt, bt). By the normal form 
theorem 14.21 if Y is compact, there exist a neighborhood U of y in X, a family of 
diffeomorphisms (f>t : U ^ U and a family of smooth function ft G C°°{U) such 
that for all t G [—e, e] we have 

MY)=Id, 

Here we identify U with a neighborhood of the zero section of E* = as in section 
111 

Definition 12.1. Assume that y is a coisotropic submanifold of {U,u!u,d'^ ^&g)- 
A deformation Tt '.Y U is called a hulk coisotropic deformation, if there exists 
a family of l.c.p-s. form {u}t,bt) of constant rank on Y with uiq = i*^u^ bo — b 
and for each t G [— e,e] (the graph of) Tt is coisotropic in {U,TT*u]t,d'^ ^^^g)- An 
infinitesimal coisotropic deformation Fi G kerd^r n is called formal hulk 

unobstructed, if there exist a formal bulk deformation of (wqj^o) and a formal 
bulk coisotropic deformation F whose first term is the given Fi. An infinitesimal 
coisotropic deformation Fi G ker djr H il^ (J-) is called smoothly hulk unobstructed, if 
there exists a smooth bulk coisotropic deformation Ft such that {d/dt)t=oTt = Fi. 

The following Lemma is a direct consequence of Theorem 16.21 
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Lemma 12.1. A deformation Tt is a bulk coisotropic deformation, if and only if 
there is a bulk deformation {u)t,bt) of the l.c.p-s. form (aio,^o) on Y such that 

= 0, (12.1) 

(wt-d'"rt)'=+i =0. (12.2) 

The following Lemma is obtained straightforward. 

Lemma 12.2. Let {utjbt) be a smooth family of l.c.p-s. structures of constant rank 
2k on (y, Wo) and denote 



dt 



dbt 

t=o at 



= c. 

t=0 



Then (k, c) satisfies 



d^K = -cAwy, dc^O (12.3) 
Wo Ak = 0^k|^ = 0. (12.4) 
Here T is the null foliation of (K, wo). Furthermore two equivalent deformations 
generates equivalent (k, b). 

The discussion in the previous section can be repeated word-for-word for bulk- 
deformations of an l.c.p-s. form (w, b) on Y , except that we need to take care of k, 
/? (resp. (3 + 9) so that their restriction to J- vanishes. Equivalently, they are in the 
differential ideal I{J^) generated by TJ-°. We define a subset 

n'{Y,uj,j-) :=i7'(y)ni(j") 

which defines a differential submodule of n^{Y) with respect to d''. Denote its 
cohomology by 

, kerd''n»'(y,w,.F) 
^"^^'"''•^^ - d'>in^-HY,u;,T)) ■ 
Note that the wedge product with w restricts to a map 1(7-") — ^ T(J^). The map 
descends to a map L : Hq{Y,uj, J-) — H^(Y,uj,T). 

The following theorem is obtained using the same arguments in the previous 
section, so we omit its proof. 

Theorem 12.3. The space Def{Y, u, b) of infinitesimal equivalent bulk- deformations 
of l.c.p-s. form (u),b) onY is isomorphic to the space H'^(Y,U!, J-)/ {uj)^-jsi (B^cr L. 

Now we are ready to analyze Zambon's example. 

Example 12.2. We recall Zambon's example from |Zaj . |OP| . Let {Y,uj) be the 
standard 4-torus = R^/Z** with coordinates {y^,y^,q^,q^) with the pre sym- 
pleetic form 

LOy = Wo = dy^ A dy^, bo = 0. 
Note that the null foliation is provided by the 2-tori 

{y^ = const, y^ = const}, 
and it also carries the transverse foliation given by 

{q^ = const, q^ = const}. 
The canonical symplectic thickening is given by 

E* = X = X T*(T2), 
w = dy^ Ady'^ + {dq^ Adp^ + dq"^ Adp'^), 
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where p^, are the canonical conjugate coordinates ol q^, q^. 

It follows that the transverse curvature F = and so all = for ^ > 3 and 
the Maurer-Cartan equation (|10.ip becomes the quadratic equation (cf. (|10.4p ') 

-d^(r2) = ip.,j(dri)2. (12.5) 

In |Za| . [OPj . the one- form 

Ti = sin(27r?;^)dg^ + sin{2TT ) dq^ , 

was shown to be obstructed by showing that Xr([ri]) ^ 0. This can be also shown 
by computing the RHS of p^?5)) 

ip<.^J(dri)2 = (ayi Aa2/2)J4^' cos{27:y^)cos{27ry^)dy'dq'dy^dq^ ^ 

= -47r^ cos(27rj/^) cos(27ry^)(i(7^(i(7^, 

which cannot be a differential (ijr(— r2), since the integration of it over a generic 
leaf T'^{y-^,y'^) of is not zero. 



Theorem 12.4. Fi is formally bulk obstructed. 

Proof. Assume the opposite, i.e. there is a formal bulk deformation ujt = X^i^o 
and bulk deformation Tt = X^i^i t^^i- The equation ()12.ip implies 

I 

^w,a)i_, = for all < / < 00. (12.6) 

Furthermore d^*ujt = is equivalent to the following: 

db, = for ah < i < cx) (12.7) 

and = d^"u}, + ^ 6fc A ui,-k for all 1 < i < cx). (12.8) 

l<k<i 

Next, from (|12.6|) . for / = 1, we obtain 

ujQ A LJi = 

^ oji = dy^ A + dy'^ A a'^ , (12.9) 

where a' G J7^(F). Further, we obtain from (|12.8p for i = 1 

dull = -bi A dy^ A dy^ . (12.10) 

From (|12.10p and it follows that [bi] e keri : iJ^^) ^ -ff^(^), 7 7A[t^y]. 
Hence we obtain 

bi = b\dy^ + bldy^ + d/ where 61 G M and / e C°°(r). (12.11) 
Now from (|12.6p for I = 2 we obtain 

(IiQ A W2 + = 0. (12.12) 

Next, using ()12.12p and ()12.1ip . we derive from (|12.2p . looking at the coefficient of 

t\ 

uo A (dF2 + 6i A Fi) + (dFi)^ = 
<=> djrF2 + djr{f • Fi) = 4tt^ cos 27ry^ cos 2t: y'^ dq^ dq^ . (12.13) 
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As wc have computed, the RHS of (|12.13|) is not equal to zero in H^{Y, ujy)- So the 
equation (|12.13|) for r2 and / docs not have a solution. This completes the proof 
of Theorem [Tm 

□ 

13. Appendix 

13.1. Leaf space connection and curvature. In this subsection, we recall some 
basic definitions and properties of the leaf space connection borrowing the expo- 
sition of |0P1 section 3]. We refer readers thereto for the proofs of all the results 
stated without proof in the present subsection. 

Let J- be an arbitrary foliation on a smooth manifold Y . Following the standard 
notations in the foliation theory, we define the normal bundle NJ- and conormal 
bundle N*T of the foliation J" by 

NyJ^ TyY/Ey , N;J^:^ {Ty/Ey)* - E; C T;Y 

In this vein, we will denote E = TJ- and E* = T*J- respectively, whenever it makes 
our discussion more transparent. We have the natural exact sequences 

^ TJ" ^ TF ^ TV J" ^ 0, (13.1) 
^ r* J" ^ T*y ^ TV* J" ^ 0. (13.2) 

The choice of splitting TY = G ® may be regarded as a "connection" of the 
"i?-bundle" TY — !> F/ ^ where Y/ ^ is the space of leaves of the foliation on Y. 
Note that Y/ ^ is not Hausdorff in general. We will indeed call a choice of splitting 
a leaf space connection of J- in general. 

We can also describe the splitting in a more invariant way as follows: Consider 
bundle maps 11 : TY ^ TY that satisfy 

n2 =n„ imn, = T,^ 

at every point of Y , and denote the set of such projections by 

AEiTY) C T(Hom{TY,TY)) = n\(Y). 

There is a one-one correspondence between the choice of splittings (|3.ip and the 
set Ae{TY) provided by the correspondence 

n o G kern. 

If necessary, we will denote by Hq the element with kerll = G and by Gn the 
complement to E determined by 11. We will use either of the two descriptions, 
whichever is more convenient depending on the circumstances. 
Next we recall the notion of curvature of the Il-connection. 

Definition 13.1. Let H G Ae{TY) and denote by H : TF = Gn © TJ" the 

corresponding splitting. The transverse H-curvature of the foliation J is a re- 
valued two form defined on NT as follows: Let tt : TY NF be the canonical 
projection and 

TTn : Gn ^ NF 
be the induced isomorphism. Then we define 

Fn : T{NF) ® T{NF) ^ V{TF) 

by 

i^n(?7i,r?2) :=n([A,r]) (13.3) 
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where X = 7rjj^('7i) and Y = 11^1' {1^2) and [X, Y] is the Lie bracket on Y . 

The following proposition justifies the name transverse li-curvature which plays 
a crucial role in our description of the strong homotopy Lie algebroid associated 
to the pre-symplectic manifold (y, wy) (and so of coisotropic submanifolds) and its 
Maurer-Cartan equation. We refer to jOPj for its proof. 

Proposition 13.1. Let Fn be as above. For any smooth functions f,g on Y and 
sections rji, 772 of NJ-, we have the identity 

Fn{fm,9m) = fgFnim^m) 

i.e., the map Fn defines a well-defined section as an element in T{K^{N*J-)®TJ^). 
In the foliation coordinates (y^, • • • ,y^,q^, - ■ ■ , Fu has the expression 

F^^K^® rfy^ A dy' e T{A^N*J^) TF), (13.4) 

where 

We next recall the relationship between Fuo and Fu. Note that with respect to 
the given splitting 

Ho: TY = Go®TF = NF®TF 
any other projection LI : TY — s> TY can be written as the following block matrix 

^0 \ 
Id) 



n 



where B = -Bnoii °'^Ga ■ Gq — > TF is the bundle map which is uniquely determined 
by LEq and 11 and vice versa. The following lemma shows their relationship in 
coordinates. 

Lemma 13.2. Let Fjj and Fu^ be the transverse H-curvatures with respect to H 
and Hq respectively, and let B = -Bnoii be the bundle map mentioned above. In 
terms of the foliation coordinates, we have 



dq" dq" 



^ij — ^0,1] + I ay dyi ^ dq" dq" ^ dq" ^] dq 



-(Bf-^-Bf^) (13.6) 



Now we provide an invariant description of the above formula ()13.6p . Consider 
the sheaf K*{N*F) ® TF and denote by 

9'(N*F] TF) := T{K*{N*F) ® TF) 

the group of (local) sections thereof. For an invariant interpretation of the above 
basis of Gx and the transformation law (|13.6p . we need to use the notion of basic 
vector fields (or projectable vector fields) which is standard in the foliation theory 
(see e.g., [MM]) : Consider the Lie subalgebra 

L{Y,F) = {e e F(rr) | ad^{r{TF)) C T{TF)} 

and its quotient Lie algebra 

e{Y,F) = L{Y,F)/T{TF). 
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An element from £{Y, J-) is called a transverse vector field of J-. In general, there 
may not be a global basic lifting y of a given transverse vector field. But the 
following lemma shows that this is always possible locally. 

Lemma 13.3. Let G Y and v G NxaJ- ■ Then there exists a local basic vector 
field ^ in a neighborhood of xq such that it is tangent to G 

where tt : TY — > NJ- is the canonical projection. 

Definition 13.2. Let be a foliation on Y. Let U e Ae{TY) and U : TY = 
Gu ffi TT be the Il-splitting. We call a basic vector field ^ tangent to Gn a H-basic 
vector field or a G-basic vector field. 



In this point of view, the vector field 



is the unique G-basic vector field that satisfies 
i.e., defines the same transverse vector field as 

Definition 13.3. Let X be any (local) basic vector field of T tangent to Gn- We 
define the H-Lie derivative of B with respect to X by the formula 

^xB^ J2 LxiB,,,,...,,)df' A---Ady'' (13.7) 

il<---<il 

where Bi^i.^...ii, is a local section of T!F given by the local representation of B 
B= J2 B,,...,^dy'' A--- Ady'^ 

il<---<ii 

in any given foliation coordinates. Here Bi^...ii, is the (locally defined) leafwise 
tangent vector field given by 

R -RP — 

From now on without mentioning further, we will always assume that B is locally 
defined, unless otherwise stated. 

Definition 13.4. For any element B e T{A' {N*T);TF), we define 

d^B e r{A'^+\N*T);TF) 

by the formula 

2k 

d^B = ^dy^ AL^M (13.8) 
where we call the operator d^ the H- differential. 
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For given splitting 11 and a vector field ^, we denote by ^ the projection of ^ to 
G = Gn, i.e., 

= e - m)- 

Then the definition of can be also given by the same kind of formula as that 
of the usual exterior derivative d: For given B e n^{N*T;TT) and local sections 
• • • , r]k+i e N.j;F, we define 

d^B{vi, ■■■ ,Vk,Vk+i) 

i 

+ ^(-ir+^-^i?(^([X„X,]),r;i,.-. ,77;,..- ,7f„.-. ,r?fc+i)(13.9) 

Here Xi is a Il-basic vector field with 'n{Xi{x)) ~ J]i{x) for each given point x E Y. 
It is straightforward to check that this definition coincides with (|13.8p . 
Next we introduce the analog of the "bracket" 

[•,-]n : n'^'{N*J';TJ')(E)n'^^N*J';TJ') Vl'^^+^^{N* F-TF). 

Definition 13.5. Let B e Q'^^ {N*T;TT), C £ Vl'^-^{N* F;TF). We define their 
bracket 

[B,C]n e n'^'+'^{NF]TF) 

by the formula 

[B, C]n(fi, ■ ■ • 

reShM//(n) ^' ^' 

C(-^t(£i + 1), • • • ,-'^r(fi+£2)] (13.11) 

for each x e F and vi G NxJ^, and X^'s are (local) Il-basic vector fields such 
that Tr(Xi{x)) = as before. Here Sn is the symmetric group with size n and 
Shuff{n) C Sn is the subgroup of all "shuffies". [•, •] is the usual Lie bracket of 
leafwise vector fields. 

For the case ^1 = ^2 = 1 , we derive the coordinate formula 

With these definitions, we have the following "Bianchi identity" in our context. 

Proposition 13.4. Let H : TY = G®TF and d^ be the associated H- differential. 
Then we have 

d^Fu = 
[d^B = [Fn,B]n. 



Combining the above discussion, the transformation law (jl3.6p in coordinates is 
translated into the following invariant form. 
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Proposition 13.5. Let H, Hq be two splittings as in Lemma \13.2\ and -BhoH £ 
T{N*J-<SiTT) be the associated section. Then we have 

-Fn = + d^"Buon + [-BhoH, BhohIho- (13.13) 

13.2. Lie algebroid and its 6-deformed i?-cohomology. Wc start with re- 
calling the definition of Lie algebroid and its associated E-dc Rhani complex and 
£J-cohomology. The leafwise de Rham complex i^*{J-) is a special case of the E-de 
Rham complex associated to the general Lie algebroid E. 
We quote the following definitions from jNT| . 

Definition 13.6. Let M be a smooth manifold. A Lie algebroid on M is a triple 
{E, p,[, ]), where E is a. vector bundle on M, [,] is a Lie algebra structure on the 
sheaf of sections of E, and p is a bundle map, called the anchor map, 

p:E^ TM 

such that the induced map 

r{p) : r(M; E) ^ r{TM) 

is a Lie algebra homomorphism and, for any sections a and r of i? and a smooth 
function / on M , the identity 

[ajT]=pia)[f]-r + f-[a,T]. 

Definition 13.7. Let {E, p, [ , ]) be a Lie algebroid on Af . The E-de Rham complex 
{^n'{M),^d) is defined by 

^niA'iE*)) = T{A'{E*)) 
^iiu;(cri, • • • ,CTfe+i) = ^{~iyp{a,)uj{ai,--- ,ai,--- ,ak+i) 

i 

+ ^(-l)'"^^~^^^([CTi,crj],(Ti, ■ • ■ ,0=j,-- - ,crfc+i). 

i<j 

The cohomology of this complex will be denoted by ^H*{M) and called the E-de 
Rham cohomology of M . 

Now assume that b n^{E*) is a cocycle: '^db = 0. Then ^d^ d + 
bA satisfies: (^fi^)^ = 0. The cohomology of {^n*{M),^d^) wiU be denoted by 
^H^{M) and called the b-deformed E-de Rham cohomology. 

In [OPj the authors have noticed that for a coisotropic submanifold F in a 
symplectic manifold X the triple 

{E^TY^,p = i,[,]) 

defines the structure of Lie algebroid and the ^-differential is the exterior derivative 
djr along the null foliation J-. Now assume that {Y, w, 6) is a coisotropic submanifold 
in {X,ujx,C(). Then the restriction & of 6 to is a closed 1-form in the complex 
{^1{A*E), djr) and ^d^ coincides with rf^, which we also denote by d^. 

The 6-deformcd E-dc Rahm differential is related to the infinitesimal deformation 
space of coisotropic submanifolds in a l.c.s. manifold. For this, we introduce the 
space 

Coisok ~ Coisok(X,u)x) 
the set of coisotropic submanifolds with nullity n — k for < k < n and characterize 
its infinitesimal deformation space at F C E* , the zero section of E*. By the 
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coisotropic neighborhood theorem, the infinitesimal deformation space, denoted as 
TYCoisOk{X,(jjx) = TyCoisokiU^ uJu) with some abuse of notion, depends only on 
(F, w) where w = i*ujx, but not on {X,ujx)- An element in TyCoisokiUjUJu) is a 
seetion of the bundle E* = T*F Y. 
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